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We present an improved analysis of the phase transitions in rare earth superconductor
using Ginzburg-Landau theory. Our work is based on the systematic study of critical field
and superconducting order parameter in the presence of localized magnet due to rare earth
atom. We present the different phases that can occur and analyze the conditions of phase
transition from the normal phase to the coexistence phase of antiferromagnetism and super-
conductivity. We calculate the critical field and Ginzburg-Landau parameters to show the
coexisting property. We compare our theoretical results with existing experimental results.
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2I. INTRODUCTION
The existence of magnetism in superconducting compound is a fascinating area of research.
The newly discovered quarternary intermetallic superconductor contains large amount of Ni which
is ferromagnetic. However they exhibit superconductivity for compounds having both nonmag-
netic rare earth elements (Y,Lu) [1–3] and elements like Tm, Er, Ho and Dy with high saturation
magnetic moment [4]. Several members of the group (RNi2B2C), exhibit superconductivity, mag-
netism as well as coexisting properties of superconductivity and magnetism [5–10]. Despite layered
structure of alternating layers of rare earth carbon (Re-C) sheet and Ni2B2 along the crystallo-
graphic c axis, these rare earth compounds show metallic behavior having a large density of state
at the Fermi level. The band structure calculation shows several bands crossing at the Fermi level .
The dominant contribution is assumed to be from Ni(3d) character along with some contribution
from other atom like Er, B and C(2p) orbitals [11–13]. This results show the anisotropic magnetic
properties of these compounds which is linked with localized 4f electrons of rare earth element
[14]. The superconducting condensation seem to be associated with the itinerant electron bands
residing on Ni2B2C layers [9]. These compounds are basically type II superconductors and upper
critical field in zero-temperature limit range 80koe - 110 koe [15, 16]. When external field is applied
parallel to the c-axis, the superconducting phase is suppressed due to the thermal fluctuation of
the magnetic moment present in the homogeneous magnetic system. As the magnetic order of the
rare earth element cancel each other in Ni atom so its 3d orbital remains unaffected. The upper
critical magnetic field measurements exhibit a kink with the magnetic transition [14, 16], which
shows the long range magnetic order along with superconductivity. The dc magnetization mea-
surement [18, 19] on single crystal of DyNi2B2C shows a little or no anisotropy when critical field
measurement is done perpendicular and parallel to c-axis of the crystal. Similarly the resistance
transition curves [20] of TmNi2B2C shows the property of large anisotropy in the vicinity of TN .
Alleno et al. [15] had seen three distinct anomalies in the powder neutron diffraction measurement
for upper critical field. Below the Neel temperature the anomalies ware observed at 5.2k, 5.6k, and
6.0k. They described the second depression as a result of magnetic helical structure of HoNi2B2C.
Hyeonjin et al.
Our work is based on the systematic study of critical field and superconducting order parameter
in the presence of localized magnet due to rare earth atom within the framework of Ginzburg-
Landau theory. We calculate the critical field and Ginzburg-Landau parameters to show the
coexisting property. Our results show excellent agreement with the experimental findings. We have
3organized the paper as follows: In section II, we discuss the Ginzburg-Landau phenomenological
model. Section III deals with numerical calculation and comparison with available experimental
result. Section IV contains the conclusion.
II. THE FREE ENERGY
The Ginzburg-Landau are non linear second order differential equation which couples the spatial
variation of magnetic field with superconducting order parameter. The Ginzburg-Landau theory
simply postulated the existence of an macroscopic quantum wave function ψ(r) which was equiv-
alent to an order parameter. The transition from superconducting to normal state is assumed to
take place at the thermodynamic critical field. So the difference in free energy between the normal
and superconducting state is given by the magnetic field energy of the excluded flux. The antifer-
romagnetic order of rare earth magnetic superconductor can be described by Ma and Mb. Here Ma
and Mb are the magnetic order of two identical interpenetrating lattices labelled by a and b. Fur-
ther we assume Ma ∼= −Mb. Then the free energy density of rare earth magnetic superconductor
should be expressed in terms of an expansion of ψ and M
F = Fn + a |ψ|2 + 1
2
b |ψ|4 + α(M2a +M2b ) +
1
2
β(M4a +M
4
b ) + 2δMaMb + γ |ψ|2 (M2a +M2b )
+
1
2m∗
∣∣∣∣(−ih¯∇− 2e∗Ac )ψ
∣∣∣∣2 + H28pi (2.1)
where Fn is the free energy density of the normal phase. a, b, α, δ and β are material parameters. γ
is the coupling constant. γ is assumed to be negative for the stability of the superconducting state.
e∗ and m∗ are the elementary electron charge and mass respectively. Each cooper pair contains
electric charge 2e and hence e∗ = 2e and m∗ = 2m. Here δ > 0, β > 0 and b > 0. The parameter
a is proportional to (T − TC) and α is proportional to (T − Taf ). Thus a = a0(T − TC) and
α = α0(T − Taf ). a0 and α0 are positive constant. The ψ is the superconducting order parameter
associated with the Ni(3d) The second and third term in the equation (2.1) are the low order terms
in the series expansion of free energy. First we consider the uniform system in zero field H = 0.
After the minimization of Eq.(2.1) with respect to ψ, Ma and Mb, we get following four stable
phases:
I) Normal phase (N): |ψ| = 0, Ma = 0, Mb = 0. This phase exists for a > 0 and α > 0.
(II) Antiferromagnetic phase (AFM): |ψ| = 0, Ma 6= 0, Mb 6= 0. This phase exists for a > 0 and
α < 0.
(III) Superconducting phase (SC): |ψ| 6= 0, Ma = 0, Mb = 0. This phase exists for a < 0 and
4α > 0.
(IV) Coexistence of superconductivity and antiferromagnetism phase (AFS): |ψ| 6= 0, Ma 6= 0,
Mb 6= 0. This phase exists for a < 0 and α < 0.
From these solution it is clear that six types of phase transition are possible : N-SC, N-AFM,
N-AFS, SC-AFM, AFM-AFS, SC-AFS. The N-SC, N-AFM and SC-AFM transitions are second
order. We will now discuss the N-AFS phase transition. The spontaneous magnetization in the
AFS phase (Ma = −Mb) is given by
M2sa = M
2
sb =
(δ − α− γ |ψ|2)
β
(2.2)
Now the substitution of Eq.(2.2) into Eq. (2.1), we get
F = F ∗n + a
∗ |ψ|2 + 1
2
b∗ |ψ|4 + + 1
2m
∣∣∣∣(−ih¯∇− 2eAc )ψ
∣∣∣∣2 + H28pi (2.3)
where
F ∗n = Fn − α
2
β − δ
2
β +
δα
β ,
a∗ = a+ 2δγβ − 2γαβ ,
b∗ = b− 2γ2β .
Minimization of Eq.(2.3) with respect to ψ yields
|ψ|2 = aβ − 2γ(α− δ)
2γ2 − bβ (2.4)
Substitution Eq. (2.4) into Eq. (2.2), we get
M2sa = M
2
sb =
b(α− δ)− aγ
2γ2 − bβ (2.5)
Equations (2.4) and (2.5) are the values of superconducting order parameter and spontaneous
magnetization in the AFS phase.
TC > T < Taf is the condition for the existence of the AFS phase. Then both α and a are
negative. For the AFS phase both Eq.(2.4) and Eq. (2.5) must be positive. Thus the necessary
conditions for the existence of the AFS phase are
(1) aβ > 2γ(α− δ),
(2) b(α− δ) > aγ,
(3) 2γ2 > bβ.
The above three conditions should hold simultaneously for the existence of the AFS phase. In
this case the free energy will be in the lowest energy state. So the N-AFS phase transition occur.
5The superconductor has three characteristic parameters associated with them : the Ginzburg-
Landau coherence length , the penetration depth and Ginzburg-Landau parameter k.
The correlation length, penetration length and critical magnetic field can be calculated for the
AFS phase by the same method as adapted for the normal superconductor which are given by
ξGL(T ) = ξGL(0)(T
∗
C − T )−1/2 (2.6)
λGL(T ) = λGL(0)(T
∗
C − T )−1/2 (2.7)
Hc2 =
2ma∗0c
h¯e
(T ∗C − T ) (2.8)
where
ξGL(0) =
h¯√
4ma∗0
λGL(0) =
√
mc2b∗
8pie2a∗0
a∗0 = a0 − 2γα0β
T ∗C =
a0TC+
2γ
β
(δ−α0Taf )
a∗0
III. RESULTS AND DISCUSSIONS
By using above equations we have calculated numerically the values of penetration depth,
coherence length and upper critical field for different values of temperature as presented in table.
To calculate the penetration depth λGL and coherence length ξGL we have used the appropriate
fitting parameter [23]. By using Eqs. (2.6) and (2.7) we have calculated the variation of these
parameters with temperature. The upper critical field Hc2, calculated by using these parameters,
is plotted along with the experimental values [23]. The graph shows decrease of the critical field
with decreases in temperature which matches well with experimental results.
In Fig.1, we have plotted upper critical field for HoNi2B2C along with the experimental
results[15]. For calculating Hc2 we have taken TC = 8K and TN = 6.5K. Our data matches
with experimental one except at few points. We have shown the variation of coherence length and
penetration depth with temperature in the same graph. The numerical values of coherence length
6and penetration depth are 64nm and 132nm respectively which shows excellent agreement with
experimental results.
The critical field calculated for DyNi2B2C is plotted with temperature in Fig.2. The dots
show experimental values [18, 19]. Here TC and antiferromagnetic Neel temperature TN are taken
as 6.5K and 10.5k respectively. The variation of coherence length and penetration depth with
temperature is inserted in Fig.2.
Similarly in Fig.3, we have shown the variation of critical field for ErNi2B2C with experimental
results [22]. Here TC and antiferromagnetic Neel temperature TN are taken as 10.5K and 7K
respectively. The numerical value for penetration depth and coherence length for this compound
are calculated as 39.2nm and 120nm respectively.
Figure 4 shows the critical field of TmNi2B2C with temperature along with the experimental
results [20]. The coherence length and penetration depth are calculated to be 29nm and 116nm
respectively.
IV. CONCLUSION
Ginzburg theory is valid in the superconducting phase boundary. Hyeonjin et al. [24] stud-
ied magnetic fluctuations and obtained anomalous behaviour of the upper critical field by using
Ginzburg-Landau theory taking two superconducting order parameter into account. First order
parameter for Ni(3d) band couples only with the superconducting order parameter while the sec-
ond order parameter for other bands is suppressed by the antiferromagnetic (AF) order. Their
result show dip in the upper critical field for Ho and Dy compounds. From an improved analysis
of the phase transition using Ginzburg Landau theory, we have studied the co-existence of su-
perconductivity and antiferromagnetism for rare earth superconductors HoNi2B2C, DyNi2B2C
,ErNi2B2C, TmNi2B2C. We have not observed any anomaly in our critical field curve as shown
in experimental curves for HoNi2B2C compound. On the other hand, the variation of critical field
with temperature agrees excellent with the experimental observations. Our model describes some
of the physical properties of the system in the coexisting state.
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FIG. 1: The graph shows calculated Hc2 versus temperature along with experimental data (dots).The
experimental zero point critical field is 3.0T whereas theoretical one is 5.8T
9]
FIG. 2: Hc2 versus T for DyNi2B2C as calculated numerically is plotted. Theoretical critical field is 7.8
while the experimental one is 0.7.The calculated ζ(0) 527 A while the experimental one is given by 220 A.
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]
FIG. 3: The variation of Hc2(0) for ErNi2B2C with temperature is plotted along with experimental values
[22].Our calculated Hc2(0) 21.7 koe while the experimental vlue is between 11-20koe.
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]
FIG. 4: The variation of critical field of TmNi2B2C with temperature along with experimental results is
plotted.The calculated ζ(0) and λ(0) are 29.9 and 116.2 in nm respectively.The experimental ζ(0) is 18 nm
which is nearer to our theoretical value.
,
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TABLE I: Values of different parameters
Compunds TC(K) TN (K) Hc2(0)(koe) ζGL(0)(A˚) λGL(0)(A˚)
TmNi2B2C 11 1.5K 36 299 1162
DyNi2B2C 6.5 10.5 78.4 527 3969
HoNi2B2C 8.3 5.2 58 646 1320
ErNi2B2C 11.2 6 21.7 392 1208
